We investigate the behavior of coherence in scattering quantum walk search on complete graph under the condition that the total number of vertices of the graph is greatly larger than the marked number of vertices we are searching, N v. We find that the consumption of coherence represents the increase of the success probability for the searching, also the consumption of coherence is related to the efficiency of the algorithm represented by oracle queries. If no coherence is consumed, the efficiency of the algorithm will be the same as the classical blind search, implying that coherence is responsible for the speed up in this quantum algorithm over its classical counterpart. In case the initial state is incoherent, still N v is assumed, the probability of success for searching will not change with time, indicating that this quantum search algorithm loses its power. We then conclude that the coherence plays an essential role and is responsible for the speed up in this quantum algorithm.
I. INTRODUCTION
Random walk is an important prototype for efficient classical algorithms [1, 2] . As the quantum analogy of random walk, quantum walk [3] is important in developing efficient quantum algorithms. As we known, the quantum algorithms may have great speed up compared with their classical counterparts as shown by Shor's algorithm and Grover search [4, 5] . There are two kinds of quantum walk, discrete quantum walk and continuous quantum walk. Both of them show their advantages over the classical random walks [6, 7] . A quantum search algorithm constructed from discrete quantum walk on hypercube is shown that it has the similar boost over the classical search algorithms as the Grover search algorithm [8] . A search algorithm based on continuous quantum walk also has quadratic speedup [9] . Quantum walk is not only studied in theory but also realized in experiment via various ways [10] [11] [12] [13] [14] [15] [16] . To describe the implementation of quantum walk using linear optical elements, scattering quantum walk is proposed [17] . An algorithm to search based on such quantum walk is constructed and analyzed on complete graph explicitly, showing quadratic speed up as well [18] .
On the other hand, we know that quantum entanglement plays a significant role in quantum teleportation, super-dense coding and quantum phase transitions in many-body systems, [19, 20] . Also other quantum correlations, such as quantum discord, are critical in quantum information and many-body systems [21, 22] . All of them can be assumed to be some kinds of resources for quantum information processing [20, [23] [24] [25] . Recently, the resource theory of quantum coherence is proposed, and is attracted much attention [26] [27] [28] . Remarkably, * syliu@iphy.ac.cn coherence is shown to be valuable resources in several well-known quantum algorithms. Explicitly, it is shown that coherence is a resource in Deutsch-Jozsa algorithm based on quantum walk [29] . Also, coherence depletion is shown to be related with probability of success in Grover search algorithm [30] . Coherence is assumed as resource in deterministic quantum computation with one qubit [31] . The interference in quantum walk makes quantum walk differ from the classical random walk, so it is expected that coherence should play a key role in quantum walk algorithms. In particular, we may wonder whether quantum coherence is directly responsible for the speed up of the quantum walk search based on complete graph studied in Ref. [18] .
In this paper, the role of coherence is studied systemically in a quantum walk search algorithm, the scattering quantum walk search [18] . We consider the condition that the total number of vertices N of the graph, which is the scope of the data, is greatly larger than the marked number of vertices v we are searching, N v > 1. The quantum search algorithm demonstrates great advantage over classical ones in this condition. Two measures of coherence defined in [26] is used to give the dynamics of coherence and relate the searching probability of success with coherence. In the progress of the algorithm, the coherence is decreasing with the increasing of probability of success. The coherence reaches its minimum when the success probability is maximal. When reducing the efficiency of the algorithm, while the minimum of coherence increases, the connection between the coherence and probability of success still exists. Besides, when there is no coherence consumed, this quantum search algorithm will have the same complexity as that of the classical blind search algorithm. If the consumption of coherence is below a proper value, the efficiency of the algorithm will be less efficient than classical search with memory. Further more, when initial states are incoherent, also N v, the probability of finding the targets almost keeps unchanged compared to that of the start stage. So we cannot use such a state with no coherence to perform the search algorithm. Based on those results, we conclude that the coherence plays an essential role and is responsible for the speed up. The paper is organized as follows: In Sec. II, we introduce the scattering quantum walk search and give the dynamics of coherence in two different measures. The connection between the probability of success and coherence is presented. In Sec. III, we reduce the efficiency of the algorithm by choosing different phase shift and show numerically that there is a connection between consumption of coherence and the efficiency of the algorithm. In Sec. IV, we study the probability of success with an incoherent initial state. Sec. V is a summary of our results.
II. DYNAMIC OF COHERENCE IN QUANTUM WALK SEARCH
The quantum walk search algorithm we studied here is the scattering quantum walk search [18] . Scattering quantum walk [17] is one of the versions of discrete quantum walk and is unitary equivalent to the coined quantum walk [32] . It could be considered as the discrete quantum walk in optical network.
The scattering quantum walk is defined on a graph G(V, E) with V being the set of the total vertices and E being the set of edges connecting vertices. In this quantum algorithm, the particle walks on the edges of the graph rather than on the vertices. The Hilbert space in this algorithm is defined as
where state |m, l is an edge state going from vertex m to l. The evolution of this quantum walk is defined by the local unitary operator for each vertex. Following the notation in [18] , we denote Γ(l) as the set of vertices connected to vertex l and Γ(l; k) as the set of vertices connected to vertex l excluding vertex k. The local unitary operator for each vertex is defined as
Here r l and t l may be different for each vertex. This local operation transforms the state going into the vertex to the state scattering out of the vertex, illustrated in Fig.  1 . For simplicity, we call the vertices we want to find as the marked ones and other vertices as the normal ones. Then, for normal vertices, we set
and for marked ones
where |Γ(l)| is the number of vertices in the set Γ(l). The local unitary operators for the normal one and marked one are denoted as U l 0 and U l 1 respectively.
The blue dots are vertices and yellow dots can be regarded as walkers. Together with the black arrow, the yellow dots represent the edge states. This figure can be understood as a photon traveling to a vertex with probability of |r| 2 being reflected back and |t| 2 being transfered to other vertices.
In search algorithm, oracles are widely used to tell us if the element giving the query is the marked one. In this algorithm, the elements are the vertices of the graph. If we denote the set of marked vertices as V and the set of all vertices as N , the oracle can be defined as a function of vertex
In this quantum algorithm, a controlled unitary operator works as an oracle, i.e.
where the first one is a state of vertex and the second one is a qubit. When we run this algorithm, the oracle will send back the result according to Eq. (5) and store it in the second qubit. Because CV f acts on |x ⊗ |m , two extra states, a state of the vertex and a qubit, are necessary to be added to the state of walker for the use of oracle. If we set the state of the walker as |ψ n , the state of the whole system is the direct product of these states |ψ n ⊗ |0 ⊗ |0 , before iterating the algorithm.
To implement the search, we use a controlled unitary operator CŴ 1 which maps the state |k, l ⊗ |0 ⊗ |0 to |k, l ⊗ |l ⊗ |0 . This step is required for the well function of oracle. Then the controlled unitary operator CV f will be applied to the state. When the result of the oracle is stored in the qubit, another controlled unitary operator CÛ l f will be applied. It will implement local unitary operator U l f (x) on the edge states according to the two extra states. After doing this, we will reset the extra states |l ⊗ |f (l) to |0 ⊗ |0 for the next run. This is the explicit implementation of one step of this algorithm and can be realized by quantum circuit [18] .
We study the search on the complete graph with N vertices. Each vertex is connected with other vertices, so the dimension of the Hilbert space is N (N − 1) and |Γ(l)| = N − 1 for any vertex. The initial state of the walker is the equal superposition of all edge states, i.e.
Considering the symmetry of the graph, the quantum walk on N (N −1) dimension Hilbert space can be reduced to unitary evolution in a much smaller space consisting of four vectors [18] . This is achieved by decomposing H into four invariant subspaces under all automorphism mapping, i.e. H = 4 j=1 H j . Here
The marked vertices are labeled as 1, 2, . . . , v and normal vertices are labeled as v + 1, v + 2, . . . , N . As stated in [18] , the vectors constructed from the invariant subspaces are the equal superposition of the states in each subspace, i.e.
|a, b ,
Note that if v = 1, H 4 will not exist, leading to the absence of |W 4 . Suppose v > 1, the initial state can be written in the terms of these four vectors
The unitary operator of the walker can be represented as
where
The [18] demonstrated that the efficiency of the algorithm will reach its maximum when the phase shift ϕ is set to π. In this case, at any time the state of the walker is
After measurement, if the walker is standing on the edge connected to a marked vertex, a target is found successfully. The probability of finding a state |ψ n on an edge connected to only normal vertices is | W 3 |ψ n | 2 , which is also the probability that we fail to find the marked vertices. Thus probability of finding the marked vertices is
Since nθ = π 2 , P s = 1, the proper time to measure the walker is [
]. When v = 1, |ψ n will not have the fourth component, but the evolution of P s and the proper time to measure the walker will not change.
In [26] , two functions are proven to be suitable measures of coherence. One is the distance measure based on relative entropy and another one is the l 1 norm, which are denoted as C r (ρ) and C l (ρ), respectively. The explicit expressions of them are
whereρ is the density matrix of the walker,ρ diag is the matrix only having the diagonal elements ofρ and ρ ij are the entries of the density matrix. At any time, the density matrix of the walker iŝ
Note that the state of the walker is a pure state, so the C r (ρ) is reduced to S(ρ diag ). Applying Eq. (17) to the state of the walker and considering 1 < v N , we have that
and
where H(x) is the binary Shannon entropy.
From the above discussions, we can see that coherence and probability of success are all periodic. To reach a high efficiency (evaluated by queries of oracles), it is reasonable for us to measure the state before or when probability of success reaches its maximum. So our discussion about probability of success and coherence is confined to the half-period until probability of success reaches its maximum. The first term in C r (ρ) is the binary Shannon entropy which is smaller than 1 and the sum of second term and third term is monotonically decrease before the probability of success reaches its maximum. Note that N v > 1, the dynamic of coherence is governed by the sum of second term and third term in Eq. (19) under C r (ρ) and second term in Eq. (20) under C l (ρ), so the coherence of the walker will decrease monotonically before the probability of success reaches its maximum. It shows that the walker has consumed the coherence of the initial state to complete the task of search. We define the depletion of coherence from the initial state to the state with maximal probability of success as the consumption of coherence. The connection between the coherence and the probability of success implies that coherence should be viewed as a resource in this algorithm. The results of analysis are also supported by numerical calculation presented in Fig. 2 .
For Grover search algorithm, similar result has been obtained recently [30] . Since the quantum algorithm we studied is defined by local unitary operator, it is different from Grover search. For one particle quantum walk search, the state of walker is a single quantum state with multi levels, the methods of quantum entanglement and quantum correlations are in general not applicable, it is expected that the coherence is the resource in this algorithm. If we choose single quantum state with multi-levels rather than multi qubits to build quantum database and replace Walsh-Hadamard H ⊗n with U which transforms |0 to
i=0 |i , the situation will be the same in Grover search.
FIG. 2.
The number of total vertices is 100 and the number of marked vertices is 2. The phase shift is set to π. The red line is the probability of success. The green line is the coherence under Cr(ρ) and the blue line is the coherence under C l (ρ). The values of two measures of coherence are normalized to 1. The X axis is the step of implementation of this algorithm. The left Y axis is the probability of success and right Y axis is the value of normalized measure of coherence.
III. CONNECTION BETWEEN THE EFFICIENCY OF THE ALGORITHM AND COHERENCE
The [18] shows that when ϕ is not π, the maximal probability will not be unit, indicating the decrease of the efficiency of the algorithm. We numerically calculated the dynamics of coherence of the processes with different ϕ. When ϕ is substituted by π − ϕ, U will change into U * . Note that |ψ 0 is real, it is easy to see that (U * ) n |ψ 0 = (U n |ψ 0 ) * . Then the norm of the amplitude of the state at any time will be the same when ϕ is changed to π − ϕ. Further more, the probability of success and coherence will not change. So we only consider ϕ in the region [0, π]. The value of coherence and probability of success are presented in Fig.3 . As we can see from the figure, when ϕ is no longer π, the correspondence between the success probability and the coherence is still preserved. However, the consumption of coherence decreases with lower maximal probability of success. With very low probability of success, the coherence approaches the unit. When phase shift is closed to 0, the probability of success is very low, leading to the false of finding targets. In this process, the coherence is stable. For a more clear presentation, we give the mean of local maximal probability of success and corresponding minimal coherence at that step for different ϕ in Fig.4 . In this figure, when maximal probability of success decreases, the minimal coherence increases. This result indicates that when the algorithm is less efficient,
The total number of the vertices is set to 100 and the number of marked vertices is set to 2. The middle surface is the probability of success. The bottom surface and top surface are the coherence under Cr(ρ) and C l (ρ), respectively. The values of two measures of coherence are normalized to 1.
the consumption of coherence will decrease.
To show the connection between the consumption of coherence and the efficiency of the algorithm more explicitly, the number of oracle queries is chosen to evaluate its efficiency. The oracle queries can be calculated as follows. Firstly, we will let the particle walk m times, each time it will query for an oracle. Then we will measure the particle and reduce the state to one of the edge states. Two oracles will be used to evaluate whether the two vertices connected to the edge are the marked vertices. Suppose we find the marked vertex at the k-th run of the algorithm, the number of oracle queries will be k(m + 2). Since the maximal probability of success is not unit, the marked vertices can not always be found by a single run of the algorithm. Then an average number of oracle queries is defined as
where P ϕ (m) is the probability of success when we measure the walker at m-th step. Here, m is chosen to minimizeQ ϕ,m . This quantity represents the efficiency of the algorithm. With fewer oracle queries, the algorithm will be more efficient. The result for the case of 100 vertices with 2 marked vertices is plotted in Fig. 5 . It shows that the classical blind search provides a lower bound for the efficiency of the quantum search algorithm. The algorithm will be less efficient than the classical search with memory, if the consumption of coherence is below a proper value. These results tell us that coherence is responsible for the speed up of this quantum search algorithm. 
IV. WALK WITH NO COHERENCE
In this section, we focus on the probability of success when the initial state is incoherent. According to the [26] , an incoherent initial state should be expressed as
where a,b P ab = 1. At any time, density matrix of the system is
This can also be viewed as that U is performed n times on ensemble {|a, b } with probability P ab for the state |a, b . With different states in the ensemble as initial state, the probability of success for state |a, b is
The success probability for an initial incoherent state would be
The Eq. (24) shows that, if the state comes from the same subspace, they will share the same value of P s (|a, b , n). Then we define P s (H i , n), which is the probability of success with an initial state |a, b ∈ H i . As we stated above, there are four different subspaces (number of marked ones is more than 1). In the case of an incoherent initial state, the probability of success can be reformulated as
Note that at the beginning, P s (H 3 , 0) = 0, it is easy to obtain that a 1 + a 2 + a 4 = P s (0). For a state from the subspace H 4 , it will transform between |a, b and |b, a with additional minus with implementation of U . Thus P s (H 4 , n) will be 1 all the time. When we apply U on the state from H 2 , it will turn into one from H 1 with additional phase shift π. Thus for the states from subspace H 1 and H 2 , it is easy to obtain that P s (H 1 , n) = P s (H 2 , n + 1) with P s (H 2 , 0) = 1. We numerically calculate P s (n) for states from subspace H 1 and H 3 and present the result in Fig .6 . Then we can conclude that when N v, P s (H 1 , n), P s (H 2 , n) will converge to one and P s (H 3 , n) will be zero. This result is very reasonable. In another scheme of quantum search, quantum amplitude amplification, if A|0 is totally projected on the good subspace or bad subspace, FIG. 6 . The red surface and green surface are the means of Ps(H1, n) and Ps(H3, n), respectively. The surfaces above and below the red and green surface are the maximal and minimal values of Ps(H1, n) and Ps(H3, n) respectively with different N and v. The Z axis is the probability of success. the probability of success will be 1 or 0, respectively [33] . However, this only holds for N v in quantum scattering walk search. Recall that P s (H 4 , n) is 1 all the time, the probability of success will be
The result above implies that the probability of success is only determined by the initial state ρ 0 . It means that the scattering quantum walk search totally loses its power on all incoherent initial states and further shows that coherence should be considered as a resource in this algorithm.
V. CONCLUSION
In this paper, we calculate the coherence in the scattering quantum walk search algorithm on complete graph and connect it with the probability of success under the condition N v > 1. We found that the coherence of the system decreases while the probability of success increases until reaching its maximum. It shows that coherence of the system is consumed to complete the task of search. Since the system we considered is a single quantum state with multi levels, the methods of quantum entanglement and quantum correlations are in general not applicable, the coherence clearly can be considered as the resource in this algorithm. Besides, with the value of phase shift varied, the decrease of maximal success probability causes the simultaneous decline of coherence consumption, which gives rise to the potential correspondence between the efficiency of the algorithm and the con-sumption of coherence. Choosing oracle queries to evaluate the efficiency of the algorithm, we find the consumption of coherence varies as an monotonically increasing function of the efficiency of algorithm. If the coherence consumption is smaller than a given value, the quantum algorithm we investigated will be less efficient than the classical search with memory. Without coherence consumption, the quantum walk search algorithm will have the same efficiency as the classical blind search. That is to say, the coherence is responsible for the speed up of this quantum algorithm. Last but not the least, we consider the probability of success of this algorithm starting with an incoherent state and discover that it keeps unchanged compared with the initial time. It clearly shows that the coherence is a key resource in this algorithm.
Our work shows that coherence plays an essential role and is responsible for the speed up in scattering quantum walk search on complete graph. We believe that our method can be generalized to other quantum walk algorithms and may have applications in the quantum computation processing.
